The incommensurate modulated structure (IMS) of Bi 2 Sr 1.6 La 0.4 CuO 6 þ δ (BSLCO) has been studied by aberration-corrected transmission electron microscopy in combination with a high-dimensional (HD) space description. Two images are deconvoluted in the negative Cs imaging (NCSI) and positive Cs imaging (PCSI) modes. Similar results for the IMS have been obtained from two corresponding projected potential maps (PPMs), and the size of the dots representing atoms in the NCSI PPM is found to be smaller than that in the PCSI PPM. Considering that the object size is one of the factors that influence the precision of the structural determination, modulation functions for all unoverlapped atoms in BSLCO were determined on the basis of the NCSI PPM in combination with the HD space description.
Introduction
Incommensurate modulated structures (IMS) have been found to be strongly correlated with superconductivity in bismuth system cuprate superconductors [1] . In Bi 2 þ x Sr 2 À x CuO 6 þ δ , there exist displacive modulation and compositional modulation of Bi as shown by transmission electron microscope observation. Meanwhile, the distance between adjacent Bi-concentrated regions in the direction perpendicular to the modulation wave vector is found to be inversely proportional to the superconducting transition temperature (T c ), and the angle between the modulation wave vector and the b * axis, [1] . Scanning tunneling microscope observations provide evidence that variations in the distance between the apical oxygen and the planar copper atoms within individual unit cells due to the IMS affect the superconducting energy-gap maximum of Bi 2 Sr 2 CaCu 2 O 8 þ δ [2] . Although not all structural refinements support this conjecture, it is still an important step in understanding the dependence of T c on the crystal structure [3] . In reality, however, the accurate crystal structure of IMS in cuprate superconductors is an object of contention even after 20 years of study because of its complexity. High-resolution transmission electron microscopy (HRTEM) is a powerful method for structural determination, especially for minute crystals or crystals with weak structural signals, such as modulation structures. However, due to the existence of objective lens aberrations a random high-resolution (HR) image may not reflect the real structure. Even at the Scherzer focus condition [4] , the point resolution of conventional medium-voltage electron microscopes is limited to approximately 0.2 nm such that not all atoms can be resolved. Posterior image processing methods such as exit-wave reconstruction [5] [6] [7] [8] [9] [10] and electron-crystallography image processing [10] [11] [12] [13] [14] [15] [16] [17] [18] are usually used to correct the image distortion and extract the HR information. For the structural complexity of IMS, image deconvolution [13] , one of electroncrystallography image processing methods, will be applied in this manuscript in combination with the Fourier filtering and highdimensional spatial symmetry averaging.
Great progress has been made since aberration correctors were invented in the 1990s [19] [20] [21] [22] . Point resolution has been enhanced even beyond the information limit and light atoms such as oxygens in oxides can be directly observed [23] . As the resolution of microscopes is enhanced to the subangstrom scale, however, image contrast becomes exceedingly sensitive to changes in imaging conditions [24] [25] [26] . Even at the Scherzer focus condition, artefacts may be introduced into images when the spherical aberration coefficient is corrected to close to 0. Therefore, image processing is still necessary for structural determination in aberration-corrected electron microscopy [24] [25] [26] [27] .
In this article, the method of image deconvolution [13] [29] were studied in the 1990s. Structural information with a resolution of approximately 1 Å was obtained by combining image deconvolution with electron diffraction data, but due to the complexity of the IMS, the quantitative structural information of in these two compounds is still an open question. In this article, two HR images taken with different imaging mode of aberration-corrected TEM, positive Cs imaging (PCSI) and negative Cs imaging (NCSI) [23, [30] [31] [32] [33] are analyzed and compared. The size of the dots representing atoms in the NCSI projected potential map (PPM) is found to be smaller than that in the PCSI PPM, which makes the NCSI more quantitative for structural determination. From the results of the NCSI, the modulation functions of all unoverlapped atoms, including Cu and O in the CuO planes, are determined with the help of the high-dimensional (HD) space description [34] .
HD space description
Due to absence of three-dimensional translation symmetry, the IMS cannot be described by three-dimensional crystallography, so the HD space description [34] should be taken into consideration during the structural determination of the IMS, and will be introduced briefly in the following.
In IMS, there are two types of reflections in the reciprocal space. The stronger one, known as the main reflection, reflects the information of the average structure; while the weaker one, known as the satellite reflection, carries the modulated information. To index all reflections, an extra modulation wave vector q should be introduced. Here a one-dimensional (1D) IMS is taken as an example, where the reciprocal lattice vectors are expressed as follows:
where h, k, l and m are integers, and a*, b* and c* are the reciprocal basis vectors, and the modulation wave vector is expressed as q ¼αa* þβb* þγc* where at least one of α, β and γ is irrational.
A vector e perpendicular to the space (a, b, c) is introduced to construct a four-dimensional (4D) periodic structure ( a e b e c e e , , , α β γ − − − ) for a 1D IMS, where the atoms are 1D and periodic along the fourth axis e and different shapes represent different types of modulations. For instance, atoms look like wavy strings of uniform thickness in displacive modulations and like straight strings with a fluctuating thickness in occupational modulations.
Experimental procedure
Single crystal BSLCO samples of high quality are prepared from mixed powders of Bi 2 O 3 , SrCO 3 , La 2 O 3 and CuO with nominal compositions by the traveling-solvent floating-zone technique. The post-annealing experiment is carried out in flowing oxygen at high temperature [35] . The [100] specimen for the electron microscope observation is prepared by cutting, mechanical polishing and ion milling, as described in Ref. [1] . The specimen is observed by means of a Titan 80-300 electron microscope with the information limit of approximately 0.8 Å. The image processing such as the superspace symmetry averaging and image deconvolution are performed by using VEC [36] , and the modulation functions are determined by the method described in Ref. [37] .
Results and discussion

Determination of the PPM of the IMS
As in its mother system Bi 2 Sr 2 CuO 6 þ δ [1] , there exists a 1D IMS in the bc plane of BSLCO. The modulated wave vector is determined from its [100] projected electron diffraction pattern to be q b c 0. 24 = *+ * as shown in Fig. 1 where b* and c* are the reciprocal basis vectors of BSLCO, and its superspace group is Bbmb 0 1 β ( ). Fig. 2(a) is a corresponding HR image with residual aberrations of Cs equal to 0.05 mm and C1 -11 nm. After Fourier filtering to reduce the random noise in the selected circular area, HD symmetry averaging is carried out with the superspace group Bbmb 0 1 β ( ) to correct the influence of crystal tilt and/or beam tilt, and also correct residual Azimuth-dependent aberrations to some extent, such as astigmatism and coma. For the image is taken near the Scherzer focus, two adjacent large black dots in the symmetry-averaged image (see Fig. 3 To correct the image distortion caused by the contrast transfer function trial deconvolution is carried out using defocus values in the range of À 5 nm to À 20 nm with an interval of 1 nm, and the most likely value is determined to be À13 nm according to the basic structural model of BSCO (see Fig. 3(b) ). In the deconvoluted image shown in Fig. 3(c) , which represents the projected potential of the IMS and hence is called the PPM, the Cu and O atoms in the CuO plane have been resolved, and displacive modulations waves at Cu and O positions can be observed.
In addition to the PCSI mode with a negative focus value, the NCSI [23, [30] [31] [32] [33] mode with a positive focus value has been widely applied to investigate light atoms, such as the oxygens in oxides, due to its enhanced image contrast, which is thought to originate from the constructive superposition of the linear and non-linear contribution to the total image contrast [31] . In this work, NCSI is also utilized to study the IMS in BSLCO, and the two imaging modes are compared using experimental and simulated images. The image contrast at the Bi position is found to be abnormally weaker than that at the Sr position in Fig. 4(b) despite the larger atomic number of Bi, which can be explained based on the effect of the crystal thickness on the image contrast variation that is predicted by the theory of the pseudoweak-phase object approximation [39] .
By comparing two PPMs in different imaging modes, a clear difference can be observed that the size of the dots for heavy atoms in Fig. 3 (c) (PCSI) is much larger than that in Fig. 4(b) (NCSI) such as the Bi(O) and Sr(La, O) columns. To interpret this phenomenon, a multislice simulation was carried out based on the basic structural model of BSCO. Fig. 5 (a) and (b) are thickness-series simulated images in the NCSI mode (Cs ¼ À0.013 mm) and PCSI mode (Cs ¼0.013 mm), respectively, with corresponding corrected Scherzer focus conditions [40, 41] . Both of them can be regarded as structural images, but the difference is that in Fig. 5(a) (NCSI mode) white dots represent atoms while in Fig. 5(b) (PCSI mode), the atoms are black dots. As in the results obtained from the experimental images, the size of the dots in NCSI is smaller than that in PCSI for the heavy atoms Bi(O) and Sr(O). Moreover, with the increase of the sample thickness the size of the dots decreases for NCSI mode, while it increases for PCSI mode. As reported in Ref. [42] , object size is one important factors that influences the precision of the atomic position determination besides the atomic distance, resolution of the instrument and the number of electron counts, so NCSI mode is more suitable for quantitative structural determination. In the following, the PPM obtained from the NCSI image (Fig. 4(b) ) will be used to determine the modulation functions of the IMS of BSLCO with the help of the HD space description. Further results about the size of the dots in the structural images are given in the Ref. [43] .
Determination of modulated functions
As mentioned in Section 2, atoms for the 1D IMS can be treated as 1D and periodic strings along the fourth axis in 4D space, so to quantitively determinate the IMS, modulation functions should be determined to describe the fluctuations of the string, which in fact are deviations of the atomic position and occupation from the averaged values. The method suggested by Ref. [37] to determine the modulated functions using only the limited-size PPM, like Fig. 4(b) will be introduced briefly.
In the case of BSLCO, the modulation vector lies in the (b, c) plane, so there is a discrepancy between the IMS and the average structure (only the main reflection is included) in the atomic position and atomic occupancy in the y and z directions. A series of deviations in the atomic position denoted by Δy and Δz, and in the atomic occupancy denoted by Δp, can be obtained for a certain symmetry-independent atom in different unit cells by comparing the PPMs of the average structure and the IMS. According to the Fig. 2. (a) and (b) [100] HR images of BSLCO with Cs ¼ 0.05 and À 0.013 mm, respectively. The circular area is selected for further image processing. Fig. 3. (a) Symmetry-averaged image of IMS corresponding to the circular area in Fig. 2(a) and (b) basic structural model of BSCO, and (c) deconvoluted image of (a) with Cs¼ 0.05 mm and defocus value C1 À 13 nm. A white rectangle is used to indicate the unit cell.
HD space description [34] , the deviation can be parameterized with the averaged 4D coordinate t, which can be determined from the equation
where q is the modulation vector, and r is the coordinate of an atom in a different unit cell in the image of the average structure. After a series of mathematical processing on Δy(t), Δz(t) and Δp(t), the coefficients of the modulation functions A j and B j can be Table 1 . A white rectangle is used to indicate the unit cell. 
derived from the formula.
where f ¼y, z, p. Because the coefficients A j and B j steeply decrease with the increase of the order j in BSLCO, only the first two terms are meaningful. Based on this method, the modulation functions for all unoverlapped symmetry-independent atoms in BSLCO have been determined with the parameters listed in Table 1 . Because the image contrast is affected by the background subtraction and intensity scaling, it is hard to precisely measure the occupancy of the atoms so that the relative deviation of the occupancy is more concerned here. Hence, the average occupancy in the Bi position by Bi atoms is set to be 1 although there should be a mixture of Bi and Sr(La) atoms when we consider that there exist compositional modulations in the Bi layer, similar to in the Sr(La) positions. Moreover, occupational modulations in the Cu and O sites are neglected for their small atomic numbers and consequently large errors. HD multislice simulation [44] is carried out with the parameters of the modulated functions shown in Table 1 . The simulated image shown in Fig. 4(c) matches Fig. 4 (a) very well with Cs ¼ À0.013 mm and defocus value 4 nm, which verifies the validity of the modulated functions.
Conclusions
The IMS of BSLCO has been studied by means of aberrationcorrected electron microscopy in combination with HD space description. The PPM of the IMS is obtained with all unoverlapped atoms resolved after image deconvolution, and the displacive modulations in the Bi(O), Sr(La, O) and CuO layers are found as well as the occupational modulations in the Bi(O) and Sr(La, O) layers.
By comparing the PPMs obtained from the images in two different imaging modes, the size of the dots in NCSI PPM is found to be smaller than that in the PCSI PPM, especially for heavy atoms, which is evidenced by image simulation. Because the size of the dots influences the precision of the atomic position determination, the NCSI PPM is used to determine the modulation functions of all unoverlapped atoms with the help of the HD space description. Validation of the functions is performed by HD multislice simulation.
